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Recent experiments with Yb-173 and Sr-87 isotopes provide new possibilities to study high spin
two-orbital systems. Within these experiments part of the atoms are excited to a higher energy
metastable electronic state mimicking an additional internal (orbital) degree of freedom. The inter-
action between the atoms depends on the orbital states, therefore four different scattering channels
can be identified in the system characterized by four independent couplings. When the system is
confined into a one-dimensional chain the scattering lengths can be tuned by changing the transverse
confinement, and driven through four resonances. Using the new available experimental data of the
scattering lengths we analyze the phase diagram of the one-dimensional system as the couplings are
tuned via transverse confinement, and the populations of the two orbital states are changed. We
found that three orders compete showing power law decay: a state with dominant density wave
fluctuations, another one with spin density fluctuations, and a third one characterized by exotic
Fulde-Ferrell-Larkin-Ovchinnikov-like pairs consisting one atom in the electronic ground state and
one in the excited state. We also show that sufficiently close to the resonances the compressibility of
the system starts to diverge indicating that the emerging order is unstable and collapses to a phase
separated state with a first order phase transition.
PACS numbers: 67.85.-d, 03.75.Ss, 72.15.Nj
In 2010 Gorshkov and collaborators [1] proposed a fun-
damental model to describe two-orbital physics within
ultracold atomic experiments. In the proposed setup
alkaline-earth atoms are loaded into an optical lattice and
part of the atoms are optically driven to their metastable
excited electronic state (3P0) |e
〉
, while the rest of the
atoms remains in the electronic ground state (1S0) |g
〉
.
Accordingly, the roles of the two orbital states are played
by the electronic states of the atoms. The atoms interact
via weak Van der Waals interaction that does not depend
on the spin degree of freedom [2–6], but couples the two
orbital states. This leads to an SU(2F +1) symmetric in-
teraction between atoms with hyperfine spin F , and the
strength of the interaction depends only on the artificial
orbital states of the scattering atoms. Such two-orbital
high spin systems have been realized experimentally in
2014 by three independent groups: the preparation of an
SU(6) system with Ytterbium-173 isotopes (F = 5/2) has
been reported in Refs. [7, 8], and an SU(10) symmetric
system with Strontium-87 isotopes (F = 9/2) in Ref. [9].
These experiments open a new direction to study high
spin fermionic systems [10–26] with additional degree
of freedom, especially when the atoms are sufficiently
strongly confined into a one-dimensional tube. Assuming
harmonic confinement with transverse vibrational energy
ω⊥, the interaction strength (g) can be tuned [3, 27–33]
by changing the transverse confinement as
g =
2~2
m
1
a2⊥
a3D
1− ba3Da⊥
, (1)
where a3D is the scattering length measured in a three
dimensional system, b ≈ 1.4603 is a numerical constant,
and a⊥ =
√
~/mω⊥ is the transverse oscillator length
in case of atomic mass m. From Eq. (1) it is readily
seen that confinement can induce a resonance of the one-
dimensional scattering length at a⊥ ≈ b · a3D opening a
possibility to change the interaction even from the repul-
sive side (g > 0) of the interaction to the attractive one
(g < 0).
In an earlier work [34] we predicted the possible exis-
tence of an exotic pairing, an orbital-FFLO (Fulde, and
Ferrell [35] and Larkin, and Ovchinnikov [36]) state for
87Sr isotope based on the current available data for the
scattering lengths — which estimated data have turned
out to be completely wrong, even the sign is mismatching
in some cases. Here we show that the orbital-FFLO state
is very robust, and a chain of two-orbital 87Sr isotopes
just as 173Yb atoms can in fact be driven to a state of
the exotic orbital-FFLO. Accordingly, this exotic pairing
state can be realized within an ultracold atomic exper-
iment. Note that the SU(N) symmetry is not violated
in these systems, therefore the expectation values of the
orbital-FFLO order parameters are necessarily zero — in
agreement with the statement made in Ref. [37] for sim-
ilar system. Nevertheless, we found that the correlation
functions shows algebraic decay leading to an unusual
spin liquid-like pairing state [38]. We also show that for
sufficiently strong interactions the system collapses into
a finite region of the chain indicating by the divergence of
the sound velocity of the density oscillations. Such segre-
gation (see eg. [39]) can occur only if the effective masses
of the two orbits are imbalanced, or if the g couplings
which characterize the interaction strengths between the
atoms in the two orbital states are not equal. The effec-
tive mass imbalance can be tuned e.g. via the population
of the two orbits. On the other hand, the latter require-
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2ment (the orbital state dependence of the g couplings)
is always fulfilled, since the four scattering lengths are
different. Therefore, close to the resonances the atom
cloud always becomes segregated. Using the now avail-
able experimental data of all the four scattering lengths
of the two-orbital systems in case of 173Yb and also 87Sr
isotopes, respectively, we present — within hydrodynam-
ical treatment [40–42] using semiclassical approach —
the complete phase diagram of such two-orbital systems
when they are confined into a one-dimensional chain. We
show that the number of the spin components (2F + 1)
does not play significant role in the low energy phase
diagram, the existence of the orbital-FFLO state is not
sensitive to the specific value of F , and the two isotopes
exhibit very similar characteristic features.
In order to fit the experimental data into the model
parameters let us have a look on the effective Hamilto-
nian. Due to the optical pumping the two orbital states
are off-resonant, and the orbital dependent kinetic terms
are decoupled [1]: Hα0 = −
∑
i,σ tα(c
†
i,α,σci+1,α,σ +H.c.),
with α = g (electronic ground state) or e (electronic
excited state). Here and in the following c†i,α,σ (ci,α,σ)
creates (annihilates) an atom in the orbital state α
with spin σ on site i. Assuming that the low en-
ergy excitations determine the main properties of the
system, the tight-binding spectrum can be linearized
around the Fermi points leading to the Fermi velocities:
~vg(e) = 2tg(e)a sin(kg(e)a), where a is the size of the
unit cell along the one-dimensional optical lattice,
and kg(e) is the Fermi momentum determined by the
population Ng(e) of the corresponding electronic states:
kg(e) = pifg(e) = piNg(e)/(2F + 1)L, and L is the length
of the chain. The interaction between the atoms can
be described by density-density and orbital-exchange
scatterings: Hint =
1
2
∑
i,σ,σ′
[∑
α=g,e gαni,α,σni,α,σ′ +
gge ni,e,σni,g,σ′ + g
ex
ge c
†
i,g,σc
†
i,e,σ′ci,g,σ′ci,e,σ
]
, where
ni,α,σ = c
†
i,α,σci,α,σ is the particle number operator.
The interorbital scattering length has different values
depending on whether the two-particle state of the two
colliding atoms is symmetric (g+ge) or antisymmetric
(g−ge) for the exchange of the two orbital states. Their
linear combinations drive the density-density interaction:
gge = g
+
ge + g
−
ge, and the orbital exchange interaction:
gexge = g
+
ge−g−ge. Table I. shows the available experimental
data of the various scattering lengths for 87Strontium [9]
and for 173Ytterbium [7, 8]. Since there is no Feshbach
resonance available for these systems, in order to drive
the system into resonance the confinement energy ω⊥
has to be tuned. Typically the transverse confinement
energy ω⊥/2pi is in the order of 100 kHz [3] realizing
a one-dimensional system. However, its specific value
depends on the trapped atom and the details of the
experimental setup. In case of 173Yb the transverse
confinement can be tuned in the range of 700 − 1400
87Sr 173Yb
[a0] a3D b · a3D a3D b · a3D
ag 96.2 140.5 199.4 291.2
ae 176 257 306.7 447.9
a+ge 169 246.8 219.5 320.5
a−ge 68 99.3 3300 4819
TABLE I. The scattering length for 87Sr and 173Yb, respec-
tively [7–9]. Resonance is expected when the transverse oscil-
lator length a⊥ is around b · a3D.
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FIG. 1. (Color online) Upper panel: Phase diagram of a
two-orbital Yb-173 cloud as a function of the tunneling in
the electronic ground state vg and excited state ve, and the
transverse confinement a⊥. The filled volume indicates the
parameter region where the orbital-FFLO suppresses the den-
sity wave fluctuations, while in the white region the density
fluctuations dominate. Lower panel: Intersection of the phase
diagram in the upper panel at ~vg/a0 = 1 Hz. The blue (gray)
area denotes the dominant orbital FFLO state with subdom-
inant density wave, and vice versa in the white region. In the
red (dark gray) region the dominant fluctuation is still the
density wave but with subdominant spin density wave.
a0 [43], further tuning needs specific efforts. From the
above value of ω⊥ the transverse oscillation length is
a⊥ ≈ 680 a0 in case of 87Sr. Therefore, in order to reach
most resonances the transverse oscillation length has to
be decreased, i.e. stronger confinement is needed. Such
decreasing can in principle be done by changing the
lattice wavelength or the lattice depth (see e.g. [3]).
Exploiting our earlier hydrodynamical analysis for gen-
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FIG. 2. (Color online) Critical exponent ∆κ+ + ∆
κ
− of the
density wave order parameter as a function of the transverse
confinement a⊥. The tunneling in the excited state is fixed as
~ve/a0 = 3 J, and the ground state tunneling is ~vg/a0 = 1
J.
eral SU(N) symmetric two-orbital systems [34] we deter-
mined the dominant fluctuations in a one-dimensional
87Sr, and 173Yb cloud, respectively, consisting atoms in
the electronic ground state 1S0 and in the metastable
excited state 3P0. In the relevant parameter regime
we found three competing states which can be charac-
terized by the quasi-long-range oscillation showing the
slowest power law decay. On one hand atomic den-
sity oscillations dominate (white regions in Fig. 1 and
3), decaying with distance as |r|−∆κ+−∆κ− , with expo-
nent ∆κ± =
1
16pi (
√
κg ± √κe)2/(1 ± ggec √κgκe). Here
κg(e) = Kg(e)/ug(e) is the compressibility of the cloud
when all the particles are in the electronic ground (ex-
cited) state, Kg(e) is the corresponding Luttinger pa-
rameter of the low energy effective theory, and ug(e)
is the sound velocity. Their relation to the original
model parameters are Kg(e) =
√
2pi~vg(e)
2pi~vg(e)+4Fgg(e) , ug(e) =√
(2pi~vg(e) + 2Fgg(e))2 − 4F 2g2g(e), and ggec = Fg+ge +
(F + 1)g−ge with the hyperfine spin F = 9/2 for
87Sr,
and 5/2 for 173Yb.
Sufficiently far from all resonances an unusual pair-
ing state competes with the atomic density oscillations.
This state consists pairs of atoms: one from the elec-
tronic ground state and the other one from the excited
state. These pairs have finite momentum in the order of
the difference of the two Fermi momentums: ±(kgF − keF)
which is proportional to the population imbalance in the
two electronic states. Accordingly, the emerging pairing
state is an orbital analogue of the celebrated FFLO state.
The two atoms can not form an SU(6) or SU(10) singlet,
they carry spin, therefore in the SU(N) symmetric ground
state they have zero expectation value. However, their
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FIG. 3. (Color online) The same as Fig. 1 for Strontium-87,
which isotope has a hyperfine spin F = 9/2.
correlations are invariant under SU(N) rotations, and the
state preserves the global SU(N) symmetry despite their
algebraic decaying. The correlations of the orbital-FFLO
order parameter decay as |r|−∆σ+−∆σ− , where the expo-
nent is ∆σ± =
1
16pi
(
σ
−1/2
g ±σ−1/2e
)2
/
(
1± ggec σ−1/2g σ−1/2e
)
,
and σg(e) = Kg(e)ug(e) is the conductivity of the pure
g or e orbital cloud. This exponent is shown in Fig. 2
illustrating the typical behavior of the exponents as a
function of the transverse confinement. When ∆κ+ + ∆
κ
−
is larger than ∆σ+ + ∆
σ
− the orbital pairing state dom-
inates the atomic density wave. This case is indicated
by filled region in Fig. 1. and 3. as a function of the
transverse confinement a⊥ and the population of the ex-
cited states. FFLO states have been studied extensively
in various spin- and mass-imbalanced ultracold atomic
systems, and their experimental realization is in progress
[44, 45], even in the one-dimensional case [46].
In the third competing state the spin density
oscillations show the slowest power low decay
|r|−∆κ+−∆κ−−(∆σ˜++∆σ˜−)/2, where ∆σ˜± has the same
form as ∆σ± above with the exchange of σg(e) to
σ˜g(e) = K˜g(e)u˜g(e), and the effective coupling gg(e) to
g˜g(e). The corresponding Luttinger parameters are
K˜g(e) =
√
2pi~vg(e)
2pi~vg(e)−2gg(e) , the sound velocities have
the form u˜g(e) =
√
(2pi~vg(e) − gg(e))2 − g2g(e), and the
effective coupling is 2g˜gec = g
−
ge − g+ge. The spin density
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FIG. 4. (Color online) The critical transverse confinement as
a function of the tunneling in the electronic ground state and
excited state close to the resonance a⊥ ≈ 320.5 a0 in case of
173Yb, and a⊥ ≈ 99.3 a0 in case of 87Sr.
wave is always suppressed by the atomic density wave.
However, the spin density fluctuations can win over the
orbital-FFLO close to the resonance at the electronic
ground state scattering length. Therefore, in this
regime (red region in the lower panel of Fig. 1. and 3.)
subdominant spin density wave order can be observed
with dominant atomic density wave.
The spin density wave order suppresses the orbital
FFLO fluctuations typically close to the resonances, how-
ever, this dominance also occurs and becomes more em-
phasized for smaller Fermi velocities. Smaller Fermi
velocity means smaller occupancy of the corresponding
electronic state. The phase diagram depends on the pop-
ulation of the ground state and the excited state inde-
pendently, not only the relative population of the two
orbital states. For larger populations the resonances are
narrower and well defined even for rather fine resolutions
of the transverse oscillation length (e.g. in the order of
10−3a0). As the Fermi velocities are decreasing the reso-
nances start to show inner structure. Many narrow reso-
nances occur and they are separated from each other with
relatively larger distance as the population is decreased.
This situation relates to the case when the population
of an orbital state becomes so small that the low energy
physics of the system can not be described with the parti-
cles in the linear environment of the Fermi points, instead
the curvature of the spectra has to be taken into account.
Since the linear approximation of the spectrum around
the Fermi points is a key feature of our analysis, the case
of the very small population is out of the reliability of
the above results.
In a (effective) mass imbalanced system for sufficiently
strong interactions the heavy and light particles prefer to
occupy regions from which they exclude each other form-
ing a domain structure and usually the heavy particles
are compressed into a smaller region [47–51]. Similar
phenomena can be observed in our two-orbital system,
too, when the compressibility κ± = 1/
√
1± ggec √κgκe
diverges, i.e. the denominator of κ± is zero. This
can happen close to every resonances approaching them
from both sides, and as the couplings reach sufficiently
large value the competition of the various energy scales
drives the system into a phase separated state. Fig. 4.
shows a typical behavior how the critical confinement
ac⊥ is changing close to a resonance. In the figure we
show the changing of ac⊥ as a function of the popula-
tions in the two orbital states around the specific reso-
nance at a⊥ ≈ b · 219.5 a0 ≈ 320.5 a0 for 173Yb, and
a⊥ ≈ b · 68 a0 ≈ 99.3 a0 for 87Sr.
The initial confinement and populations of the orbital
states determine the ground state of the system. One can
prepare the cloud in a certain ground state far from the
resonances, and that state can be driven into a segregated
phase via a first order phase transition approaching a res-
onance. It means that the nature of the emerging segre-
gated state can control via the preparation of the cloud.
Phase separated states occur only for stronger couplings,
therefore, their nature is difficult to catch. Neverthe-
less, based on our weak coupling analysis one can expect
that the two slowest decaying states will form a domain
structure in the segregated phases. Accordingly, three
different states is expected to be realized in a possible
experiment: (1) domains of orbital-FFLO and density
wave alternate along the chain, (2) domains of orbital-
FFLO and spin density wave alternate, and (3) domains
of density wave and spin density wave alternate.
In this paper we analyzed the possible ground states
in a system of ultracold 87Sr or 173Yb atoms loaded into
a one-dimensional chain. One part of the atoms are ex-
cited to a metastable excited state in order to mimic an
additional internal (e.g. orbital) degree of freedom. Due
to the electronic structure of the atoms the interaction
does not depend on the spin, only the orbital state of the
scattering atoms. Among others we showed using semi-
classical approach that such a system is unstable against
the emergence of exotic FFLO-like pairs consisting one
atom in the electronic ground state and another one in
the electronic excited state. These spin carrier pairs form
a spin liquid-like state characterized by zero local expec-
tation values of the pair operators with quasi-long-range
correlations. We also showed that when the confinement
length is tuned close to one of the characteristic scat-
tering lengths, the system shows density instability and
collapses into a phase separated state.
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